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SPHERICAL T-DUALITY AND 
THE SPHERICAL FOURIER-MUKAI TRANSFORM 


PETER BOUWKNEGT, JARAH EVSLIN, AND VARGHESE MATHAI 

Abstract. In [3], we introduced spherical T-duality, which relates pairs of the form (P, H ) 
consisting of a principal SU(2)-bundle P ^ M and a 7-cocycle H on P. Intuitively, spherical 
T-duality exchanges PI with the second Ghern class C 2 (P). Unless dim(M) < 4, not all pairs 
admit spherical T-duals and the spherical T-duals are not always unique. In this paper, we 
define a canonical spherical Poincare vector bundle V on SU(2) x SU(2) and the spherical 
Fourier-Mukai transform, which implements a degree shifting isomorphism in K-theory on 
the trivial SU(2)-bundle with trivial 7-flux, and then (partially) generalise it to prove that 
all spherical T-dualities induce a natural degree-shifting isomorphism on the 7-twisted K- 
theories of the principal SU(2)-bundles when dim(M) < 4. 


1. Introduction 

Recall that the renowned Poincare line bundle V ^ x is tautologically dehned and 
conies with a canonical connection whose curvature is the standard symplectic 2-forni on 
X S^. More generally, it is dehned in the holomorphic context on a polarised abelian 
variety in Mumford [12], chapters 10-13, where it was used to study hne moduli problems. 
It was then used by Mukai m to give an equivalence of derived categories of coherent 
sheaves on an abelian variety with its dual abelian variety. In the smooth context, Hori 
[9] used the Poincare hne bundle to give a (shifted) equivalence of K-theories, and thereby 
establishing the equivalence of charges in type IIA and type IIB string theories in the absence 
of background huxes. In HIE] (see also 0) a deep extension was made for principal torus 
bundles with nontrivial huxes, where an equivalence of twisted K-theories was derived but 
importantly that there was a change in spacetime topology in general for the hrst time. 

In [S] 0], we introduced a new kind of duality for string theory, termed spherical T- 
duality, for spacetimes that are compactihed as principal SU(2)-bundles with 7-hux. There 
we argued that the 7-twisted cohomology and the 7-twisted K-theory which featured in our 
main theorems classify certain conserved charges in type IIB supergravity. We concluded 
that spherical T-duality provides a one to one map between conserved charges in certain 
topologically distinct compactihcations and also a novel electromagnetic duality on the huxes. 
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In this paper (section [3]) we define a spherical Poincare vector bundle 

V SU(2) X SU(2) 

with connection, for the first time, making our discussion of spherical T-duality almost 
on par with the torus case. The spherical Poincare vector bundle represents the diagonal 
class in K-theory and implements a canonical equivalence of K-theories in the case of trivial 
SU (2)-bundles as shown in section [21 

In section IH we show that the spherical Poincare vector bundle gives rise to isomorphisms 
of 7-twisted K-theories for 7-dimensional principal SU(2)-bundles with 7-fiuxes. We also 
compute the spherical T-duality group. 
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2. Poincare element and spherical Fourier-Mukai transform in K-theory 

The Poincare element \P] over SU(2) x SU(2), where SU(2) = SU(2), is the diagonal class 
in 

i^°(SU(2) X SU^) = K:°(SU(2)) C iF°(SU^) © iF^(SU(2)) © iFi(SLJ^), 

that is \P] = 1 © 1 ©CCCi where C G iF^(SU(2)) and C G iF^(SU(2)) are the generators, rep¬ 
resented by degree 1 maps SU(2) i —)■ U(V), V ^ 0. Later on, we will describe a canonical 
vector bundle representative of \P]. 

Consider the trivial SU(2)-bundle P = M x SU(2). Consider the commutative diagram 
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M X SU(2) X SU(2) 



Theorem 2.1. For E a vector bundle over P, define the spherical Fourier-Mukai transform 
as 

TlE]=p.{irlE]»[V]), 

giving rise to the spherical Fourier-Mukai transform in K-theory 

J= ; K\P) /s:*+i(P). 

Proof. By the Kiinneth theorem, 

K^{P) = K^{M) © K^{M) = K^{P ), 


and similarly 

K^{P) ^ K^{M) © K^{M) ^ K^{P). 

Now if a; G K^{P), then a; = a;o©l + a;i©C where Xj G K^{M), j = 0,1. Then an easy 
computation shows that 

P{x) = P{xq © 1 + Xi © C) = a;o © C + 2^1 ® 1 • 


It follows that 

P : K\P) K^{P) 

is an isomorphism. 

Similarly, if a; G K^{P), then a; = a;o©C + 2^i*^l where Xj G K^{M), j = 0,1. Then an 
easy computation shows that 

P{x) = P{xo ^ C + Xi ^ 1) = a;o © 1 + a;i © C 


It follows that 

P : K^{P) K^{P) 

is also an isomorphism. 


□ 


Dehne a commutative, associative products on i^*(SU(2)) given by 

1©1 = 1, 1x1 = 0, 

1©C = C, 1*C = 1, 

C©C = o, c*c = c, 
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called the tensor product and convolution, respectively. This in turn dehnes commutative, 
associative products on K*{P) and K*{P), both equal to K*{M) 0 it'*(SU(2)) and one has 

Theorem 2.2. The Fourier-Mukai transform in K-theory 

7 ; K\P) h:*+i(F), 

takes the tensor product to convolution and convolution to the tensor product. 

Proof. (a;0l)0(|/0l) = (a;0|/)0l therefore F'((a;01)0(|/0l)) = F'((a:0|/)0l) = 

On the other hand, 7(x 0 1) * ^( 1 / 0 1) = (x 0 C) * (l/ <8 C) = O 2/) O C- 

(x0l)0(|/0C) = (x0|/)0C therefore J'((x01)0 (|/0C)) = 7{{x^y)®C) = (x0?/)0l. 
On the other hand, F'(x 0 1) * ^( 2 / 0 C) = (x 0 C) * ( 2 / ® 1) = (x 0 y) 0 1. 

(x 0 C) ® ( 2 / ® C) = 0 therefore 7{{x 0 1) 0 (y 0 C)) = 0. On the other hand, 7{x 0 C) * 
0 C) = ® 1) * ( 2 / ® 1) = 0. 

This shows that 7 takes tensor product to convolution. 

(x0l)*(|/0l) = 0 therefore F'((x 0 l)*( 2 / 0 l)) = 0. On the other hand, F'(x0l)0F'(|/0l) = 

(x0C) ® ( 2 /® C) = 0. 

(x0 1)* (|/0C) = (x0|/) 0 1 therefore F'((x 0 1) ( 2/0 C)) = 7{fx®y) 01) = {x®y)®(. 
On the other hand, 7{x 0 1) 0 7{y ® () = {x ® () ® {y ® 1) = {x ® y) ® (. 

(x0C)*(2/®C) = {x®y)®C therefore F'((x0 1) * (y 0C)) = 7{{x®y)®C) = {x®y)®l. 
On the other hand, 7{x ® () ® 7{y ® () = (x 0 1) 0 (?/ 0 1) = (x 0 ?/) 0 1. 

This shows that 7 takes convolution to tensor product, completing the proof. 

□ 


3. Spherical Poincare vector bundle with connection 

3.1. Vector bundle realization of the Poincare element. From the long exact sequence 
in homotopy for the principal bundle SU(2) —)■ SU(3) —)■ S'®, we deduce that 7r5(SU(3)) = Z. 
Let h : S® —)■ SU(3) be a generator, and use it as a clutching function on the equator of S'® 
to determine a principal SU(3)-bundle P over S'®. In fact, standard arguments in algebraic 
topology show that principal SU(3)-bundles P over S® are classihed by the third Chern class 
C 3 (P) G 2Z, cf. [8]. Now [S^ X S'®,S®] = iL®(S'® x S^,Z) = Z, so there is a degree 1 map 
: S'^ X S'® — )■ S'®. Then g*{P) is a principal SU(3)-bundle over S® x S'®, whose associated 
complex vector bundle V of rank 3 represents the Poincare object. Note that the restriction 
of V to the submanifolds S'® x {x} and {x} x S'® are trivializable, similar to the Poincare 
line bundle on S'^ x S^. 
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When P = G 2 , that is, SU(3) —> G 2 —)• S'®, then cj,{P) = 2, so that P is one of the bundles 
that we are searching for. The associated rank 3 vector bundle £ over S'® is the non-trivial 
generator of K^{S^). Recall that if X and Y are pointed spaces (i.e. topological spaces 
with distinguished basepoints xq and yo) the wedge sum of X and Y, denoted X V P, is the 
quotient space of the disjoint union of X and Y by the identihcation xq ~ yo. One can think 
of X and Y as sitting inside X xY as the subspaces X x {yo} and {xq} x Y. These subspaces 
intersect at a single point, (xo,yo), the basepoint of X xY. So the union of these subspaces 
can be identified with the wedge sum X V Y. Then the smash product of X and Y, denoted 
X A F is the quotient space {X xY)/Xy Y. In particular, S'^ A S'^ is homeomorphic to S'®. 
By the Kervaire-Milnor theorem [TO], the smooth structure on any topological S'® is unique, 
therefore S'® A S'® is diffeomorphic to S'®. Therefore we get a canonical degree 1 smooth 
projection map y : S'® x S'® —)■ S®, and we can pullback G 2 via this projection map, giving 
rise to a natural principal SU(3)-bundle y*(G 2 ) over S'® x S®. The associated rank 3 vector 
bundle g*{£) over S'® x S® is the non-trivial generator of K^{S^ x S®) and so represents the 
Poincare object [P] in K-theory. 

3.2. Smashing spheres. To construct a Poincare bundle with connection on S'® x S'® we 
will need an explicit formula for the smash product map. In this subsection we will treat the 
general case / : S'" x S'" ^ S'" A S''^ = S'^". The Poincare bundle on S'" x S'" is constructed 
by pulling back a vector bundle with minimal nonzero Euler class from S'^". In the next two 
subsections we will restrict our attention to the two examples of interest, n = 1 corresponding 
to ordinary T-duality and n = 3 corresponding to spherical T-duality. 

We begin by recalling that S" is an S'"”® hbration over the interval I which degenerates 
to a point at the two endpoints (0,1} G I. For each point Xj in the ith. copy of S'", where 
i = 1 or 2, let Ti & I and Vj G S'"”® C M" be the associated points in I and the unit sphere 
S'"”® C M". Note that when = 0 and 1, all values of Vj are equivalent. To write the map /, 
it will be convenient to embed S'^" as the unit sphere in M^"+®. The function / can therefore 
be decomposed into 2?7,-|-1 functions /^ : S'" x S'" —)■ M representing the coordinates in R^"+®. 

We will also decompose S^"^® into an S'^" hbration over the interval, where the interval 
will be correspond to the last coordinate in M^"+®. We assert furthermore that the n-vectors 
(/i,..., fn) and (/n+i, / 2 n) are parallel to vi and V 2 respectively. More precisely, we impose 

(/i,--,/n) = ai(ri,r2)vi, (/n+i, •••,/2n) = a2(ri, r2)v2 , (3.1) 

where the a* are nonnegative functions on J x J. Similarly we demand that f2n+i be inde¬ 
pendent of Vj and so we will write simply / 2 n-i-i(ri, ^ 2 ) as a function I x I ^ [—1,1]. The 
smash product map / is therefore dehned by the three functions / 2 n+i, and 02 on / x I. 

By the dehnition of the smash product, /(S'" V S'") is a single point, let it be (0^", —1). 
Choose the decomposition of S'" such that S'" VS'" is the subset of S'" x S'" such that rir 2 = 0. 
Then we learn that 

/2n+i(0,r2) = f2n+i{ri,0) = - 1 , aj(ri, 0 ) = ai(0,r2) = 0 . 
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As we would like the smash product / to be smooth, we dehne 

f2n+i{ri,r2) = -1 + rir2/(ri,r2), ai{ri,r2) = rir2di(ri, r2). (3.2) 

The smash product map / must also have degree 1. For this it is sufficient that the 
preimage of (0^”, 1) contain a single point, which we will fix to be (ri,r 2 ) = (1,1). For this 
purpose it is sufficient to £x 

/(1,1)=2, 

and to demand that / be everywhere nondecreasing in both ri and r 2 . 

Next, recall that all values of Vj are equivalent when = 0 and 1. Therefore / must be 
independent of v* when r* = 0 and 1. When r* = 0 this condition is satisfied, as the image 
is just (0^"^,—1). What about r* = 1? Recall that only (/i,...,/„) depends upon vi and 
(/„+i,..., / 2 n) upon V 2 , as they are parallel. Therefore a necessary and sufficient condition is 
that each n-vector vanishes when the corresponding = 1. In other words, we must impose 

di(l,r2) = d2(»^i,l) = 0. (3.3) 

Finally, we must impose that the image of / is actually on the unit sphere 

2n+l 

1= fi = fL+iiri,r2) + al{ri,r2) + al{n,r2), (3.4) 

i=l 

and so 

£2 , ~2 I ~2 2/ „ 

J “h OIa -\- Q^o — - — 0 . 

rir2 

Now we are done, any triplet (/, di, 02 ) of functions on / x / satisfying the above conditions 
will induce the smash product S'” x S'” —)■ S'^”. 

3.3. The Poincare bundle on the torus. As an illustration of our current construction, 
we give another construction of the Poincare line bundle with connection next. Consider 
G = SU(2). Using the parametrization 

g = g [0, 27r), 0 e [0, tt), ^ e [0, An ), 

the Maurer-Cartan form for G can be written as 

. = rt = 5;e‘(f) . 

i ^ ' 

where, in particular, 

+ cos 6 d(f). 

We can use A = e^/2 as a principal connection on the principal U(l)-bundle over S'^, 
where the normalization is chosen such that the integral of A over the fiber is equal to one. 
Then 


^ . sin d 

F = dA = - — d6 A d4>, 
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To obtain the Poincare bundle on x S^, we need to pnll this bnndle back by the smash 
prodnct f : x ^ A = S^. This is the case n = 1 of the general constrnction 

treated in the previons section. If /3 G [0, 27i] and 7 G [0, 27r] are the coordinates for the two 
copies of S^, then we can dehne the two intervals by the maps 


ri : ^ I : 9 ^ 


sm — 


r2:S^^ I: 


H- sm ( ^ 


Fibered over each interval is an 5° with coordinates Vj G { — 1,1}. 

The conditions (13.311 are that when ri = 1, corresponding to 0 = tt, di = 0 and also when 
r2 = 1, corresponding to 0 = tt, 52 = 0. We satisfy these conditions by choosing 


«! = 2 




(3.5) 


Note that the absolnte valnes are mnltiplied by elements Vj = ±1 G in Eqn. fl3.ip . The 
effect of this mnltiplication is simply to remove the absolnte valnes, resnlting in a smooth 
map. Inserting this into Eq. fl3.2p and imposing fl3.4p we obtain the smash prodnct map 


/(/^,7) 


^sin (/9) sin 



sin^ 



sin (7), — 1 + 2sin^ 



In terms of spherical coordinates on the 5^ this map is 
(6*, 0) = ^arccos(—z), arctan j j 


= ^arccos ( 1 — 2sin 


X 

2 / 13 


sm 


(i)) (0 


cos 


To pnllback the cnrvatnre we will need the derivatives of this map 


do cos (1) sin (|) 

dO 

sin (f) 

cos (f) 

y'l - (I) (i) 

d'y 

^l-sin^l 


d(p cos (1) 

d(f) 

sin (1) cos 

(f)sin(i) 

a/3 2(l-sin7f)sm7l))- 

dy 

2(1- sin^ ( 

:i)(i)) 


Finally we can compnte the cnrvatnre on the Poincare bnndle as the pnllback of the 
cnrvatnre on the Hopf bnndle 


f*F = 


sin(6') / d9 d(j) dO d(f)\ , 

—^ ]d(3Ad-f 


V d/3 d'f d(3 d'f J 


= — sm 


/S 


cos j d[3 A d'j. 


As a consistency check, we can integrate this cnrvatnre to obtain the Chern class 


ci = — / rF = -i. 


2n 


It2 

















3.4. The Poincare bundle on a product of 3-spheres. The subgroup of SO(7) which 
preserves a nondegenerate 3-form on provides a 7-dimensional representation of G2. The 
restriction to block-diagonal elements diag(l,M) where M is a 6x6 matrix yields an SU(3) 
subgroup. The right action by the SU(3) subgroup is free and leaves fixed an S'®. The 
corresponding elements of S'® can easily be read from the leftmost column of a given G2 
matrix, which is a unit vector in and invariant under the SU(3)-action. The free SU(3)- 
action means that G2 is the total space of the principle SU(3)-bundle 

SU(3) G2 ^®. 

Let 0 G f2^(G2) 0 02 denote the Maurer-Cartan 1-form on G2 and let p : C'°°(G2,02) — > 
C°°(G2, su(3)) be the invariant projection onto the vertical subbundle of the cotangent bundle 
of G2. Then A = pQ G f2^(G2) 0 su(3) is SU(3)-invariant and so provides a connection on 
the principal bundle G2 —)■ S'®. 

To construct the Poincare bundle over x S^, we need to pullback G2 —)■ S'® using the 
smash product map f : x ^ S'®. As is the group manifold of SU(2), we may use the 

group structure to reexpress the maps used in the general construction above. One realization 
of the decomposition of into an S^ hbration over an interval is the decomposition of SU(2) 
into conjugacy classes corresponding to elements with eigenvalues These conjugacy 

classes are of topology S'^ for r G (0,1) and are points, consisting of the elements ±1 G SU(2), 
for r = {0,1}. More specihcally, for each g G SU(2) we dehne r G / and n G 5^ C R^ by 

g = exp(*rv ■ a ), 

where a are the Pauli matrices such that ia generates the Lie algebra su(2). Using this 
decomposition, to each point x G 5^ x 5^ we can identify a quadruplet (ri, vi, r2, V2) where 
all values of Vj are identihed when r* = 0 or r* = 1, as in the general construction in 
Subsec. 13.21 

To complete the construction, we need to dehne the pair dj of functions on / x /. The 
functions dj can be dehned as in Eqn. fl3.5p in the case n = 1 


ai = 2Jl-rf, a 2 = 2riJl-r^. 


The third function, /, is dehned by (13.4p . choosing the branch which gives a winding number 
off 

/2n+i = -l + 2r^r2, 

as in the case n = 1, thus completing the construction of the smash product f : x ^ 
/(ri, vi,r2, V2) = (^rir2\Jl - rj Yi,2rlr2\Jl - rj V2, -1 -h 2 rlrl^ . 


The connection on the spherical Poincare bundle is then f*A. 










If we want to calculate this connection explicitly, then we may proceed as in the torus 
case of the previous subsection. First we construct an arbitrary element of G 2 as 
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l-»'iviai+riy'l-r|v2a2 


\A 


’^1^2 


g(7ri(-C8M3+X;J^j CiFi)) 


ai — (Mi,M 2 ,M 4 ), a 2 — (M 5 , Me, My), 


where F) and Mi are generators of G 2 dehned in Ref. [7], where it was noted that F) together 
with —M 3 generate an SU(3) subgroup. 

As the Maurer-Cartan form is SU(3)-invariant, to obtain the horizontal part of the con¬ 
nection it will be sufficient to restrict our attetion to Cj = 0 , where 5 ^ is a section of the 
bundle G 2 —)■ restricted to the compliment of the north pole. As in the toroidal case, it 
will be convenient to work in spherical coordinates. Therefore we dehne 


Vj = (sin( 6 'i)cos((/)i),sin( 6 'i)sin((/)j),cos( 6 'i)). 


Thus we hnd 


g = e 


Tzi arccos^ —l-|-2rjr|) 


.y/l-r2(s(ei)c((/>i)Mi+s(e^)s(.^]^)M2+c(e^)M4)+r]^y'l-r|(s(e2)c(</>2)M5+s(e2)s(<^2)*f6+‘=(®2)*f7)'\ 


\A 


^2_2 




where s{6) and c{6) represent sin( 6 ') and cos( 6 ') respectively. 

If we dehne h by then we can write the connection as 

Ak = pg{dkh)g~^. 

As, by abuse of notation, we have adopted the same notation for coordinates of S'® and 
X S^, the pullback by the smash product acts trivially so this same expression is also the 
connection of our Poincare bundle. Finally, the curvature of the Poincare bundle is 

Fjk = pg[djh,dkh]g~^. 


4. Spherical T-duality 

4.1. Spherical T-admissibility. In the following sections, we suitably adapt the strategy 
in [5] Consider the unit sphere S' C = H^. Let E := SU(2) = Sp(l) and E := SU(2) = 
Sp(l). Consider the embeddings i : E ^ S, i(z) = (z,0) in quaternionic variables and 
i : E ^ S, i{z) = (0, z) similarly. Let T ■= E x E and 


T 



E E 


p : T ^ E and p \ T ^ E denote the projections. Dehne the homotopy h : I x T ^ S from 
i o p to i o p hj 











Let /C G T{S) be a higher twist as in (Gj [13]. Then DD{1C) G Z). Choose /C such that 

{DD{JC), [S']) = 1. We dehne V. := i*K. and V. := i*]C. The homotopy h induces a unique 
morphism 

.. u{h) 

u:p*n = p*i*K: = {iopYK = {iopYK = p*i*K: = p*n, 

where u{h), dehned in [3], is the uplift of the homotopy h to T(T). 

Note that p is canonically iL-oriented since TE is canonically trivialized by the SU(2)- 
action. 

We say that 7-twisted K-theory is spherical T-admissible if 

P! o u{hY o p* : K{E, H) K{E, H) 

is an isomorphism. Note that the map has degree —1. 

In fact, following 3.2.4 of Ref. [5], to prove spherical T-admissibility it suffices to prove 
that p\ o g* op* is an isomorphism of twisted K-theory with a trivial twist K{E, 0), which of 
course is isomorphic to untwisted K-theory K{E). Here p is a generator of Z) and g* 

acts by shifting the trivialization of the trivial gerbe on T which dehnes the twist. 

Lemma 4.1. 7-twisted K-theory is spherical T-admissible. 

Proof. Let I G K^{T) be the class of the line bundle V over T representing the Poincare 
element [P] as in section l3T] with third Chern class equal to p G iL®(T, Z) = Z. Then g* is 
induced by the cup product with 1. Let 1 G iL°(SU(2)) and ( G iL^(SU(2)) be the generators. 
One computes 

piog*op*{l) = g*B{C), 
p\og*op*{() = 1, 

where B : —)• K~^ is the Bott periodicity transformation. This is indeed an isomorphism 

if pG {1,-1}. □ 

4.2. Spherical T-duality isomorphisms. To dehne K-theory on P, twisted by a closed 
7-form Hj representing k times the generator of H^{P, Z), we hrst recall from Corollary 4.7 
in ^ that the generator of Z) corresponds to the Dixmier-Douady invariant of an 

algebra bundle T —)■ with hbre a stabilized inhnite Cuntz C'*-algebra O^o ® /C. Now let 
/ : P —)■ be a degree k continuous map, then f*{S) —)■ P is an algebra bundle with 
hbre a stabilized inhnite Cuntz C'*-algebra Ooo <8) /C and Dixmier-Douady invariant equal 
to k times the generator of H'^{P,Z). Then, by [13], the twisted K-theory is dehned as 
K*{P,HY = K^{Co{P, f *{£))), where Co{P, f*{£)) denotes continuous sections of f*{£) 
vanishing at inhnity. This shows that K*{P,HY is well dehned, although we will not use 
the explicit construction. 

We consider two pairs of 7-dimensional manifolds (P, H) and (P, H) over M which are 
spherical T-dual to each other. Let Th G H’^{S{V),Z) be a Thom class. Choose a twist 

/C G Twist{S{V)) such that DDiJC) = Th. Then we dehne Pi := P/C G Twist{P) and 
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H := i*1C G Twist{P). We have DD{'H) = H and DD{'H) = H. Consider the commntative 
diagram 


P ^mP 



M 


This is the parameterized version of the sitnation considered iearlier. In particnlar, we 
have a homotopy hiJxPx^P—)■ S(y) from i o p to i o p. It induces the morphism 

u:p*n = p*i*K: ^ {iopyjc = {iopyjc ^ p*i*ic = p*'H, 
which is natural under pullback of bundles. 

We define the spherical T-duality transformation on 7-twisted K-theory on 7-dimensional 
manifolds as 

T ■= you* op* ■. K{P, H) K{P, H) . 

The main theorem of the present section is the following. Assume that M is homotopy 
equivalent to a hnite complex. 

Theorem 4.2. The spherical T-duality transformation T is an isomorphism. 

Proof. The proof that spherical T-duality is an isomorphism of 7-twisted K-theory, or in a 
more general context any spherical T-admissible twisted cohomology theory, is identical to 
the proof of Th 3.13 in Ref. |5]. □ 

4.3. The spherical T-duality group. Consider SU(2) as the unit quaternions ie Sp(l). 
Then quaternionic conjugation is an orientation reversing automorphism of SU(2). So given 
a principal SU(2)-bundle P over a 4-dimensional manifold M, let x.g denote the right action 
oi g & SU(2) on a: 6 P. Then x.g also gives a right action of SU(2) on P, where g is the 
quaternionic conjugate of g. It is again a free action, so it defines a principal SU(2)-bundle 
with the same total space and with 2nd Chern class the negative of C2(P). This gives the 
action of the non-trivial element —1 G GL(1, Z) on spherical T-dualities (with 4D base). Now 
— 1 G GL(1, Z) corresponds to the element (—1, —1) G 0(1,1, Z) via the canonical embedding 
of GL(1, Z) in 0(1,1, Z). The other generator of 0(1,1, Z) is the 2x2 matrix with I’s on the 
off-diagonal and O’s on the diagonal. This element exchanges the 2nd Chern class and the 
7-flux i.e. is the spherical T-duality element. Therefore 0(1,1,Z) is the spherical T-duality 
group. 
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